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Consistency Relations (CR) for the Large Scale Structure are exact equalities between correlation
functions of different order. These relations descend from the equivalence principle and hold for
primordial perturbations generated by single-field models of inflation. They are not affected by
nonlinearities and hold also for biased tracers and in redshift space. We show that Baryonic Acoustic
Oscillations (BAO) in the bispectrum (BS) in the squeezed limit are suppressed with respect to those
in the power spectrum (PS) by a coefficient that depends on the BS configuration and on the bias
parameter (and, in redshift space, also on the growth rate). We test these relations using large
volume N-body simulations and show that they provide a novel way to measure large scale halo
bias and, potentially, the growth rate. Since bias is obtained by comparing two directly observable
quantities, the method is free from theoretical uncertainties both on the computational scheme and
on the underlying cosmological model.
I. CONSISTENCY RELATIONS AND BAO’S
The Large Scale Structure of the Universe (LSS) is gov-
erned by nonlinear effects of different nature: the evolu-
tion of the dark matter (DM) field, redshift space distor-
tions (RSD), and the bias of the field for the considered
tracers (galaxies, halos...) with respect to the DM one.
All these effects limit the application of analytical tech-
niques to rather large scales, thus excluding large part of
the data from actual analyses. It is therefore remarkable
that fully nonlinear statements can be made, in the form
of “consistency relations” (CR) [1, 2]. These are state-
ments about the effect of perturbations at large scales on
small scales ones, expressed in terms of relations between
correlation functions of different order.
The CR’s are based on two ingredients. At the dy-
namical level, the Equivalence Principle (EP), which
states that a change in the phase space comoving co-
ordinates from (x, p) to (x′, p′), with x′ = x+d(τ) and
p′ = p + amd˙(τ), can always be absorbed by a change
in the gravitational force from ∇φ(x, τ) to
∇φ′(x′, τ) = ∇φ(x, τ)−Hd˙(τ)− d¨(τ) , (1)
where τ is conformal time, d(τ) is an arbitrary uniform
but time-dependent displacement, dots denote deriva-
tives wrt τ , and H = a˙/a. We stress that this is an
invariance of the Vlasov equation, which describes the
phase space evolution beyond the fluid approximation
commonly advocated in analytical approaches, such as
Perturbation Theory (PT). Therefore, the resulting CR’s
hold not only at all PT orders but also beyond that, in-
cluding all possible non-perturbative effects such as shell-
crossing and multistreaming [3].
The second ingredient leading to CR’s comes from re-
lating the displacement d(τ) with actual long wavelength
velocity modes of the Universe we live in. The connection
is done, in Fourier space, by considering a wavenumber
dependent displacement,
d˜(q, τ) =
∫ τ
dτ ′ v(q, τ ′) =
v(q, τ)
Hf = i
q
q2
δm(q, τ) , (2)
where δm(q, τ) is the DM overdensity field, and we have
used linear PT, assuming it holds small q limit. We will
focus on the BS
Bαβγ(q, k+, k−; τα, τβ , τγ) ≡
〈δα(q; τα)δβ(−k+; τβ)δγ(k−; τγ)〉′ ,(3)
where k± = k ± q2 , q = |q|, k± = |k±|, and the prime
indicates that the expectation value has been divided by
a (2pi)3δD(0) factor. δα,β,γ indicate the density contrasts
for different tracers (e.g. DM, baryons, a given galaxy
type, ...), evaluated at times τα,β,γ , respectively.
Assuming gaussian and adiabatic initial conditions in
the growing mode, the BS in the squeezed limit, q  k,
receives a contribution from the long wavelength dis-
placement modes (2), given by [4, 5],
Bαβγ(q, k+, k−; τα, τβ , τγ) ' k · q
q2
Pαm(q; τα, τα)
[
D(τβ)
D(τα)
Pβγ(k−; τβ , τγ)− D(τγ)
D(τα)
Pβγ(k+; τβ , τγ)
]
+O
(( q
k
)0)
, (4)
where the power spectra are defined as
Pαβ(k; τα, τβ) ≡ 〈δα(k; τα)δβ(−k; τβ)〉′ , (5)
D(τ) is the linear matter growth factor and we
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FIG. 1: Comparison between the tree-level BS (divided by
P 0(q)P 0(k)) (black-solid lines) and the RHS of Eq. (8) (blue-
dashed lines) as a function of k for two values for q. The
blue-dotted lines are obtained by using the “no-wiggle” linear
power spectrum, P nw(k), in place of P (k).
have assumed the linear behavior at the soft scale q,
Pαm(q; τα, τβ) = Pαm(q; τα, τα)D(τβ)/D(τα). On the
other hand, as we have already emphasised, the dynam-
ics at the hard scale, k is completely nonlinear. The key
point is that the structure of the first term at the RHS is
protected against any kind of, perturbative and nonper-
turbative, nonlinear effect. By contrast, the form of the
remaining terms, indicated as O((q/k)0), is not protected
and will be modified in a less and less controllable way
at increasing k vaules and decreasing redshifts.
Considering equal times and equal species (α = β =
γ), and defining the bias parameter as
bα(q; τα) ≡ Pαα(q; τα, τα)
Pαm(q; τα, τα)
. (6)
we can rewrite the squeezed limit BS in terms of the
logarithmic derivative of the PS, as
lim
q/k→0
Bααα(q, k+, k−)
Pαα(q)Pαα(k)
=
− µ
2
bα(q)
d logPαα(k)
d log k
+O
(( q
k
)0)
, (7)
where µ ≡ kˆ · qˆ, and we have omitted the time depen-
dence. Notice that, as expected, and verified recently in
N-body siumulations [6], the equal-time CR’s contains no
1/q pole. The CR’s imply a non-renormalization theorem
for the µ2/bα(q), coefficient, which we are going to check
in the next sections.
A. Check in Perturbation Theory
As a first test of the CR, we compute the matter BS
in the squeezed limit at lowest order in SPT. It is given
by
lim
q/k→ 0
BSPTmmm (q, k−, k+)
P 0m(q)P
0
m(k)
= −µ2 d logP
0
m(k)
d log k
+
13 + 8µ2
7
+ O
( q
k
)
, (8)
where P 0m ≡ P 0mm denotes the linear matter PS. Notice
that the second term at the RHS is scale independent,
as it is proportional to (P 0m(k+) + P
0
m(k−))/P
0
m(k)→ 2.
On the other hand, the first term, although subdominant,
can be isolated from the rest thanks to its scale depen-
dence, which is induced mainly by BAO oscillations. To
see this, one writes the PS as
P 0m(k) = P
nw
m (k)(1 +A(k) sin(krs)), (9)
where rs is the comoving sound horizon and both P
nw
m (k)
and A(k) are featurless functions. Performing the loga-
rithmic derivative, we get the first term at the RHS of
(8) as
−µ2
[
(cos (krs) + α(k) sin (krs))
krsA(k)
1 +A(k) sin (krs)
+
d logPnwm (k)
d log k
]
, (10)
where we defined
α(k) ≡ 1
krs
d logA(k)
d log k
, (11)
which takes values around 10 % in the k range of in-
terest. So, the squeezed BS contains an oscillating
component whose amplitude is enhanced by krs '
2pik/(0.05 h Mpc−1) with respect to Eq. (9) and whose
phase is shifted by ∼ pi/2 − α(k), and a smooth com-
ponent given by the second line of Eq (10). The re-
sult is shown in Fig. 1, for q = 0.02 h Mpc−1 and q =
0.05 h Mpc−1 and for three different values for µ. We
see that the CR (Eq. (8)) reproduces the BS as long as
the squeezed limit (q/k  1) holds. When q/k is not
small, extra scale dependent terms come into play. How-
ever, the amplitudes of the oscillations in the RHS and
in the LHS are still related by the CR, as we will show
quantitatively in the next section.
B. Check in Simulations
Once nonlinear effects are included, the CR (7) ensures
that the first line in Eq. (8) is modified just by changing
the linear PS with the nonlinear one, while the second
line is changed in an uncontrolled way. However, due to
parity invariance, the BS is symmetric under k+ ↔ k−,
or, equivalently, µ → −µ, which implies that the lead-
ing non-protected term in the squeezed limit should be
proportional to (Pm(k+) + Pm(k−))/Pm(k), that is, still
scale independent, although with an unknown coefficient.
To check this explicitly in fully nonlinear dynam-
ics, we use 10 realizations of N -body simulations with
N = 20483 mass elements performed in periodic cubes
with the side length of 4h−1Gpc. The mass distribution
evolved with the Gadget2 code [7] and the halo catalogs
extracted by Rockstar algorithm [8] at z = 0 will be
presented in what follows (see the “fiducial cosmology”
in [9] for other cosmological/numerical parameters). We
3measure the bispectrum using the quick FFT-based al-
gorithm presented in [10] with the aliasing correction fol-
lowing [11]. We first store the data in bins of (k, q, µ) and
check the results after summing up B(q, k, µ)/[P (q)P (k)]
for different q bins up to some qmax weighting by the
number of triangles.
We compare the oscillating part of the squeezed BS to
that of the logarithmic derivative of the PS, and check if
their amplitudes are related by the −µ2/bα(q) factor of
Eq. (7). In order to extract the oscillating part, we will
subtract smooth functions (“poly” in the figures) of the
form
p(k, qmax, µ
2) =
n∑
i=−2
ai(qmax, µ
2)ki . (12)
The negative powers in k, at each fixed qmax, ac-
count for subleading terms in the squeezed limit, of or-
der up to q2max/k
2, while the positive powers account
for the extra scale dependence induced for instance
by the d logPnwm /d log k contribution. The coefficients
ai(qmax, µ
2) are fixed such that p(k, qmax, µ
2) is the best
fit to the chosen data (BS or logarithmic derivative); then
the function is subtracted from the data to obtain only
the oscillatory part, which is not captured by the fit for
small enough n. We truncate our fit at n = 2, since
with this value a satisfactory reduced χ2 (see below) is
obtained.
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FIG. 2: Comparison of the oscillating parts of the two sides
of the CR, Eq. (7), for different µ bins and different qmax,
for matter at redshift z = 0. The red dots correspond to
the BS, the blue lines are the oscillating part of the logarith-
mic derivative of the PS multiplied by −µ2/bm, with bm the
best fit value of tab. I. The green-dashed lines are computed
assuming the expected value, bm = 1.
To quantify the goodness of the CR we measure the bias
bα(qmax) in each µ bin, by minimizing the χ
2 function
χ2 =
N∑
i=1
(
B
PP |i − pBi
)− 1bα (−µ2 d lnPd ln k |i − pPi)
σ2i
, (13)
where all the qmax, k and µ dependencies are omitted.
We denote with pBi and pPi the fitting curves relative to,
respectively, the LHS and the RHS of the CR. σi are the
errors for the BS in the i−th k-bin, since the errors on the
power spectra are much smaller. We use N = 26 linearly
spaced bins from kmin = 0.05 h Mpc
−1 to kmax = 0.30 h
Mpc−1.
First, we performed the test on matter, for which the
expected value is bm(qmax) = 1. In Fig. 2 we show the
oscillating part of the BS (red points with error bars)
and of the logarithmic derivative of the PS multiplied by
−µ2/bm (blue lines), for different µ-bins (rows) and for
two different values for qmax (columns). In tab. I we give
the best fit values for bm in the different µ-bins and the
relative 1− σ errors and reduced χ2. As expected, going
to higher qmax the quality of the fits gets worse, both
because the squeezed limit is farther, and because the er-
ror bars are smaller since the number of BS configuration
increases. The best fit values are always compatible with
bm = 1 for qmax <∼ 0.019 h/Mpc.
q = 0.019 h/Mpc
µ bm σb χ˜
2
0.9 1.04 0.05 1.28
0.7 0.94 0.05 0.56
0.5 1.0 0.1 0.78
0.3 1.35 0.47 0.65
q = 0.035 h/Mpc
µ bm σb χ˜
2
0.9 1.00 0.06 8.68
0.7 0.84 0.04 4.22
0.5 0.74 0.04 1.91
0.3 0.8 0.1 0.84
TABLE I: Best fit values for bm (expected value, bm = 1) at
z = 0 for different values of the maximum allowed q.
II. EXTRACTING HALO BIAS
Having tested the CR on the matter field, we then used
them to measure the bias of a given halo population,
bh(qmax), via the −µ2/bh(qmax) modulation of the BAO
oscillations, and compare the results with those obtained
via the definition in Eq. (6). We considered halos of
masses M > Mmin = 10
13M at z = 0. The expected
bias, as measured from Eq. (6), is bh = 1.46± 0.03.
The results are shown in Fig. 3, where, comparing the
blue lines with the green-dashed ones, we see the effect
of the halo bias in reducing the amplitude of the BAO
oscillations with respect to the ones present in the log-
arithmic derivative of the PS. The extracted values for
40.05 0.10 0.15 0.20 0.25 0.30
k [h/Mpc]
-0.4
-0.2
0
0.2
0.4
μ=0.3
-0.4
-0.2
0
0.2
0.4
μ=0.5
-0.4
-0.2
0
0.2
0.4
BA
O 
am
pl
itu
de
μ=0.7
-0.4
-0.2
0
0.2
0.4
qmax=0.019 [h/Mpc]
μ=0.9
0.05 0.10 0.15 0.20 0.25 0.30
k [h/Mpc]
μ=0.3
μ=0.5
μ=0.7
qmax=0.035 [h/Mpc]
μ=0.9
Halo Mmin=1013M⊙
-μ2dlnPdlnk − poly
1
b(−μ2dlnPdlnk − poly) μPP − poly
FIG. 3: Same as Fig. 2 for halos of mass M > Mmin =
1013M at z = 0.
q = 0.019 h/Mpc
µ bh σb χ˜
2
0.9 1.40 0.09 0.8
0.7 1.3 0.1 0.6
0.5 1.7 0.4 1.1
0.3 2.5 1.9 0.6
q = 0.035 h/Mpc
µ bh σb χ˜
2
0.9 1.44 0.09 1.1
0.7 1.34 0.2 0.6
0.5 1.5 0.2 1.0
0.3 1.9 0.8 0.6
q = 0.061 h/Mpc
µ bh σb χ˜
2
0.9 1.5 0.1 1.6
0.7 1.38 0.07 0.6
0.5 1.5 0.2 1.1
0.3 1.7 0.6 0.7
TABLE II: Bias values for halos with M > Mmin = 10
13M
at z = 0. The expected value from Eq. (6) is bh = 1.46±0.03.
bh are compatible with the expected one within the error
bars, also for qmax = 0.061 h Mpc
−1, which gave bad fits
in the DM case.
III. DISCUSSION
The novel procedure to measure bias presented in this
letter is free from theoretical uncertainties. Bias is ex-
tracted by comparing two measured quantities, the BAO
amplitude in the BS and in the PS, without any need of
a theoretical modeling. The reason why we can measure
bias can be, ultimately, understood as a consequence of
the EP, which ensures that all bodies, including halos,
fall with the same velocity field at large scales. The con-
tribution to the BS entailed by the CR is therefore pro-
portional to Phm(q), which then gives the 1/bh term in
the ratio between the BS and Phh(q).
Moving from real to redshift space opens the pos-
sibility to measure, besides bias, the growth function
f = d logD/d log a. Indeed, following [12] , one realizes
that the µ2/bh prefactor of Eq. (7) now becomes
µ+ µk µq f
bh + µ2qf
µ , (14)
where µk = kˆ · zˆ, µq = qˆ · zˆ are the angles between
the two modes and line of sight, here taken to be the z
axis. Therefore, by considering different orientations of
the triangles, or different multipoles, or again combining
different tracers, f and bh can be, at least in principle,
measured independently.
We leave this analysis, as well as the quantitative as-
sessment of the feasibility of these measurements in real-
istic future surveys, for a forthcoming investigation.
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